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ABSTRACT

The BBKGY ecuatlons for N identIcal, impenetrable, charged

Par',icles which move in one d!nensicn and lie in a charge

neutralizing background, are shown to separate into N uncoupled

equations for the sequence of' N reduced distributions. The

pozential relevant to any subgroup cf s ad inZng part-4cles is

that -f an s-d_nensional. harmcni osc-ilator "dhose frequency

is -!e :iasma frequency c the aggregate. The s-oart-1c. o

spatial ecllibrlu. dstribution reveals That Par cle vtbra-

tlons remain centered about fixed, unlfcr.ly distributed sites

as P/T goes from zero to infinity, where p is parzicle density

and T is temperature. Thus it is concluded that The system

suffers no change in phase for all p and T.
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_ troduc-ton

in this paper we consider a cne-dimensional aggregate oZf

N identical charged particles which move in a charge neutral

backgrcund which extends over :he spatial interval (-L/2, L/2).

The particles are further cons:rained so that they are i-ne-

trable. Whereas the equilibrium properties of closely relared

systems have been studied in detail [I ,2], kinetic analyses

have for the most part been restricted to numerical studies [3,4].

e ithese previcus inveszigatlons, were

nct constrained :o i;enetrable

in the oresent work, a general s4m6=ifying propersy of

the BGY seuence, e an to this configuratio., is derived.

Namely, it is found that the hierarchy separates into N un-

coupled equations for th sequence of N reduced distributions.

The potential relevant to any such subgroup of s labeled,

adloinIng particles, is that cf an s-dimensional harmonic

osc''-r whose frequencies are equal to phe .asma frequency

o f zhe aggregate.

The general solutior. f'cr each such reduced distribution

is obtained and explicit forms are written down for the nor-.

alized equilibrium distributions at a given temperature. The
A

cne-particle distribution, for the first labeled partlcle, In

ccnfg ratio. space, is f-ound to be one half a gaussian with

local.. at x - -L/2 and local minimum at x - -/2. Th is

*asyzetry is a consequence of teonstCran.c f penet.rab!ity

and dlstingusha-il-Ity f particles in c.e i e s cn.
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The s-particle clu ll r ,,-,_ _ dist ributiO r. is found to cor.-

tain the :ebye distance as a arameter. Apart from fixed

constanzs, tnhe square of tis lengh is equal to T/p, where

T is temperature and p is partc1e number density. It is

found cha: as T/P diminishes from - to 0, the s-particle

spatial distribution passes from a flat distribution to one

which is peaked at uniform intervals. The exact form of the

many -article distrbution function reveals that at al points

of ars vriation, particle migrations remaIn centered about

sizes fixed at unifcrm Intervals. These f..d.. s are in accord

w.Ih: :hose of Kunz [5], who studied the same ccnfiguraricn as

described h-erein, through a ar iapon-funclon approach. A!-

though results are left in quadrature form, Kunz concludes

that, 'the system is L.: a crystalline state, at all tempera-

tures and densities'. Van Rove [6] reaches the same conclusion

for a collection of finite-sized rigid particles in one dimen-

sion, through calculation of the free energy of the configuration.

?artit1on-funccicn -nalyses of Lenard E1],and 3axter [2]

for he a naigcous system cf penetrable charged particles were

Interpreted to imply a form- cf particle binding whIch reduced

the effective number of particles by one half. A molecular-

field-type phase transition for a one-dimensional Coulomb

system on a circle was reported by Schotte and Truong [7].
.4
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2. 3BKGY 'Ea t on-s

We consider N partioels of charge- a which le ia one-

dimensional space of length L. The space is uniformly charged

w-h total neu-r z-zin, charge Na. The Coulomb pocen-±ial
for ;his systel [1,2] is given by

'J ..-22(Z E -x.-x I-P
-'o -,<J. -

"*dhere c =M :/ is nu'ber density and c. s the ecordlnate of

the ± " oartice. The second Term in (1) represents the noer-

action between the N articles and the uniform~ background.4The iamiionian for his system aears as

Nf

CIL

I Z I X-, +  U X 4'' ' N (r2)

t"l i i h eodtr n()rpeet h -,.r



Wi.th thi.s forr at 'Mand, ,me may corns-4:ruct the 17-4c u v:11le eqaat-.:C
f tr"e N-parti.clJe d~stri'uticn f N ( wherex eo

NI
"he T-dl~enslronai vec-tcr, x,, .~ and s~m-11-ar2.y for p"

7here results

at ± a a X.40 .'p, 3

Wr-_ting dl' for dx.,dn,, standard reduction [81 of' the second

Im 3x 3 X. s

The rema-Lnder summattor. 7anis'es dlue to -.he boundary cond-4tIdlns,

.6 Nx ,N 0 atx - 2)) "~(~

To reduce the third ter= in (3)irst we note

T,-C7~~~~ a u.~ xax a.
&Ir 1 I 1 ..1

ax, ;X,

lere we have written

ul *X ! (7)

':'the-rmore we are assum'.nS .rnenetrabi'2.ty of pa:,± -c2es sc

X< X,<X.2 ... <T



. 1) ":hen 'educes -o

3 -< - - 3p,
af

5i._:ar !y,

2pa ~2

u2 N+ 3 u 2

a --

2-- x2 . = ( 1-3) , 2ax- ;;

:n .ike manner, fcr t e r we fl

~ *(N2~~':)- __

Collecting these terms gi&7es,

Tj N 2 _____ +__ )

4 %4 47a J=. -

; ti he a ddl4t" !naI t" .. da "..r-y

J~X ,p ,Z = . a ) .

it follows that

"Nzegra7 of t (ec me\s
3x ;
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s 3

4-ra' fd s+1)..dN ___ ~xj

~~~~~ [(N 2+ d 9+~~(2

Comnbining ~ and thi±s lastCl re sul (12), we obtain

aS s p a 2' S a04  0(
- - 3x - -ia 2  [(-±+. I

7111 us w e f-- I '~ n o a ane-dfmensicnal Cul _-mt gas of ~;~

--auzJ7ed ecua::c-ns f'r the secuence{. 5  ~ .,N

3.Efftectt±ve H-mil".1cm~an and Sc2.utlons

M,.e ef'fe-t've :ctent: a2 wli±c~h enters (1) s g:17en

u5 (1, ...,IS) z C,

2p2

.s t;ne -coterntlal fseer.r by the sui: grcup of' pa:-±i-es

1 ttrugh, s is :*-a*. of' an s-d ..nenslCral har-.or.c oscilla:,
wit' cnstant el'-ective spr-'A.". --c.-statv.~n ~

clacezent of srizin, A and 7aZrylng depression of' energy,.
- 2 2
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The 'am± onian. for this sane group of particles is

given hy I
s "P ,- S

,t= Z , E(x,p) (15)
-= -" ±=1 * - -

Since the energy of this sub group is separable, -he orbits

are independent [9]. Thus, N conszants of the motion for our

s-particle group are the energies {E!}. (Here we are suppress-
ing the or±gn-of'-tine cons-ant so that a single part'cle in

one dimension has only one constant of motiorn [8].) :t follows

,ht the general_. so~u:tn -.oc (13) is given by

.s(2.,..,s) = I(s)

where z is an arbitrary f'-.nction

7. equii..briu at the tem.erature T one obtains

's eqU!,...,s) = A ex; {-:Hs, s

= k_3 T()

E2quvalent ly,
s

- ri f'. (i)

seq ,

a. Asymmetry of Distoributions

With f represent"ing .rcbabt!Zty density,

: f(1 ... ,s)d!...ds =6
we obtain together "ri't the constrant(,

w e b.. t ) ( 1. L

s e c 2-( 7/2-.k=T) - (c,+ X) 2 22,, 2

* (a. s ST

V14- 
.. *, I +



ad erfv x rec"e e

(20)
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_ +i.,th-robabili.ty ofIcca-: rig ;arti l:e No.Ii

max .=um a: -1/2 a nd mfniz~m a - /2 . This asy~netric properly

is a con~sequen~ce of the in-enetratility ccnstra~.t(.

5. Fhs rozerties

Returning to the s-particle confIgurato. diLstribution

i~ton (_21),A we see that in the 11mit s

-- S

S

Note sh. e ccnstrain: ' eapears TnlmtC) c uL-der-

szand t.he s: n f~cance of :he- 1l.i .ing f orms (a) and (b ), we

reertct-_ ex-ression for X. given above. Thus, . 4 ccr-

responds e±:her to T or o 0 , 'both o f 4h!ch e xtreme s

dl=m4nish the C.-ulomb interac-.i.- between partces and back-

gru=n d . The interparticle force ir. one dimension Is -constan..

:he o05~S,: liit - .,orsocnds elzher to T 0 or

.0 3in whlon cases thenr:erac on-,betweenoatoe n

tackz-_cund i.s =ost, prcnoixnced resulting In a r~dspa:_al

ordering of the N particles. This change from a unifform, flIa t

-~ti-: n at (1/7) = C to- a distributlon of- il-mly spaced

:aties li e mting 7,a:-e (P/I) - ,resembles a conin-

uous an~~nfrom the xasecus phase to the solid phase.

~owever,:e for= "22 indicates that : arttzles 'remiember'

t-' :en-?rs -f dIisplace-en-. (:a -X)thxnu the change
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/nT. :n~ sense the syste" maintains its z r'ysa' In

p'v:Perty --'-- all 0 an~d T 151.

:he 3B.K"Y sequence f'o:' N equally zharged, 1zpenetrazle,

~zen~cacaz~ceswhi.;, move in a =;-arge neutra.l~- :e-en--

sicra space were shown to separate into N uncoupled equations

for :be respective N' reduced u~ t- I r'.s. The ~a.lo~a

fozr any sub,! grcup of connected ;partfcles :'n,_'C;dSS a o~a~ n...

pcaz' - z-asccf.Ilacr term-s -l ~ :osa:fe,;n-

~ut razyi.ng dfspz'acerent cf :~gn and %:arylng _4epesszr. -of

energ~y. Z':c%ci forms were :-b-ained for -e r~ntand

:-centu= parts of te cu brzs-paticl reduced J'stribu-

Mie szatial -cr.onent of -:nis dlstritutl on was fou-nd to

ccntai.n tte :ebye distance as a paraneter, or equiv7alently

~/'r :nvaringtts Parameter frm to 0 it -gas found tlaat

;ne soarzz.e cr inase di-stributlzr. passed from a :onstant

ofat so . ccr4nts to a =zcdu: of a det

f.~nctonscentered at ur2.fcr intervals ov7er :,e lengt.' of

tte aggregate. However, at all points of this chan.ge, particle-

coordinate variaticns remai.n centered about what =i!_ht be

,:erm -llazti -e sites'. -"Ius one may conclude t~ai

no ctange in zhase of tte system at any o or T.

:he key _constrsan- of thsanalysis is t;ha: of inzenetra-

of parttce:f :n :,wc and thnree dimensio:ns Lioi
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constraint has little consequence. However in one dimension

we see that impenetrability of particles implies distinguish-

ability of particles. Thus, reduced distributions are always

of labeled particles and kinetic theory becomes a clarifying

tool for uncovering statistical properties for such configura-

tions.
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